Soved Proplgms — Unit 7 (Veter Calortus)
From Elechodguamin by D2 Cigfidhs

EX&W@ 1.1 Example 1.1. Let C = A — B (Fig. 1.7), and calculate the dot product of C with
itself.
Solwtion :
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EX&[[M,Plg, 1,2  Example 1.2. Find the angle between the face diagonals of a cube.
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T“oblewn 1.7 Problem 1.3 Find the angle between the body diagonals of a cube.
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> cosb =
'PWLDIW , 3 4 ! - Problem 1.4 Usc the cross product to find the components of the unit vector n
perpendicular to the shaded plane in Fig. 1.11. |
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pﬂ?b Ii’M ,0? Problem 1.7 Find the separation vector 2 from the source point (2,8,7) to the field
point (4,6,8). Determine its magnitude (2), and construct the unit vector x.
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EXMFI& Lo % Example 1.3. Find the gradient of r = {/x? + y? + z? (the magnitude of the

position vector).
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Problew 1,11 Problem 1.11 Find the gradients of the following functions:
(@ f(x,y,2)=x>+y+72%
®) f(x,y,2) =x*y’z*
(c) f(x,y,z) = e sin(y)In(z).

Solukion : - 4) 1= X" 4 13”-1— z4
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Problem 1.12 The height of a certain hill (in feet) is given by
Problem .12 > ok
h(x,y) = 10(2xy — 3x° — 4y° — 18x + 28y + 12),
where y is the distance (in miles) north, x the distance east of South Hadley.
(a) Where is the top of the hill located?
(b) How high is the hill?

(c) How steep is the slope (in feet per mile) at a point 1 mile north and one mile
east of South Hadley? In what direction is the slope steepest, at that point?
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Problem 1.13 Let 2 be the separation vector from a fixed point (x’, v', ') to the
1 % P Pe ]
b L= point (x, v, z), and let 2 be its length. Show that

(a) V(#*) = 2».
(b) V(1/2) = —#&/2".

(c) What is the general formula for V(2")?

Zolutfom
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Examele 1.4

Example 1.4. Suppose the functions in Fig. 1.18 are v, =r=xX+ y§¥ + zZ,
Vv, = Z, and v, = z Z. Calculate their divergences.
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QZDH@W{ 1,15 Problem 1.15 Calculate the divergence of the following vector functions:
(@) v, =x2X+3x72§ — 2xzZ.
(b) vo = xyX+2yzy + 3zx 2.

©) Ve =y*R+ 2xy+ ) ¥+ 2yz2
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q%@b’km 1. 16 —  Problem 1.16 Sketch the vector function

r
= r—z.,
and compute its divergence. The answer may surprise you...can you explain it?
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Problem 1.18 Calculate the curls of the vector functions in Prob. 1.15.

Proldew 1. 1%

(@) v, =x?X+3x2§ — 2xz1%.

(b) v = xyX+2yz ¥+ 3zxZ

©) Ve = y* X+ 2xy +22) ¥+ 2yz 2
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CP?Dbb‘M 14 o2 (a) If A and B are two vector functions, what does the expression (A - V)B mean?
(That is, what are its x, y, and z components, in terms of the Cartesian compo-
nents of A, B, and V?)

(b) Compute (t - V)F, where T is the unit vector defined in Eq. 1.21.

(c) For the functions in Prob. 1.15, evaluate (v, - V)v,,.
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Yroblewn .25  Problem 1.25

(a) Check product rule (iv) (by calculating each term separately) for the functions

A=xx+2yy+3zz; B=3yx—2xy¥.

(b) Do the same for product rule (ii).

(¢) Do the same for rule (vi).
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2) Produt Rule @
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Problem 1.26 Problem 1.26 Calculate the Laplacian of the following functions:
(@ T, =x>+2xy+3z+4.
(b) T, = sinx sin ysinz.

(c) T. = e > sin 4y cos 3z.

(d) v=x2X+3xz2§ — 2xzZ
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Example 1.6. Calculate the line integral of the function v = y*X +2x(y + 1) ¥
from the pointa = (1, 1, 0) to the point b = (2, 2, 0), along the paths (1) and (2)
in Fig. 1.21. What is § v - dl for the loop that goes from a to b along (1) and
returns to a along (2)?
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Example 1.7. Calculate the surface integral of v = 2xz X + (x+2) § + y(z2—3)
z over five sides (excluding the bottom) of the cubical box (side 2) in Fig. 1.23.
Let “upward and outward” be the positive direction, as indicated by the arrows.
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Example 1.8. Calculate the volume integral of T = xyz? over the prism in

Fig. 1.24.

Zolntioun ° -

fvT.dﬁ = jdzjdgjdx(xyzzj

FIGURE 1.24
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Problem 1.29 Calculate the line integral of the function v = x*X + 2yz ¥y + y*Z
from the origin to the point (1,1,1) by three different routes:

@a) (0,0,0) — (1,0,0) — (1,1,0) — (1,1, 1).
(b) (0,0,0) — (0,0,1) — (0,1, 1) — (1,1, 1).
(c) The direct straight line.

(d) What is the line integral around the closed loop that goes out along path (a) and
back along path (b)?

%Llﬂﬂﬂ b -
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LV' Axx + ffﬁd«gq + Ju. diz

& 3

\ | |
= jx"dx + JZH% Ay + f.f’dz >
> ; ]

| ) (]W) & 0;0)
'} Z
ok 1Rt R
[ =4
= 54 O+ | 2
b) (90.0) = (0,0,1) = (0),1) = (lu1,1)
- /n%
it = [Tazd +[5.a5 « [Ga?
’ l\ &1 |3 .7’*
= J'Uz dr + jzﬂgdg ’r fyidx g S
) 0 p | R

.S

= Olgdz r 2.1 iﬁ;]; r —”5—;

= pt2+t3 =%

k'



z)
1+
o
v
@M kv
( "
|
(

J’\Taf =
(fd
ol
5232:5!
5+dez

Qu)

i

4)
sl
path (6) omd D
bk
o path
(v)



Example 1.9. Let 7 = xy?, and take point a to be the origin (0, 0, 0) and b the
point (2, 1, 0). Check the fundamental theorem for gradients.

Zo\ N 3
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Problem 1.30 Calculate the surface integral of the function in Ex. 1.7, over the bot-
tom of the box. For consistency, let “upward” be the positive direction. Does the
surface integral depend only on the boundary line for this function? What is the
total flux over the closed surface of the box (including the bottom)? [Note: For the
closed surface, the positive direction is “outward,” and hence “down,” for the bottom
face.]
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Problem 1.32 Check the fundamental theorem for gradients, using T = x? +
4xy + 2yz*, the points a = (0,0,0), b = (1, 1, 1), and the three paths in Fig. 1.28:

(a) (0,0,0) = (1,0,0) = (1, 1,0) — (1,1, );
(b) (0,0,0) — (0,0,1) = (0, 1, 1) — (1, 1, I):

(c) the parabolic path z = x?; y = x.

FIGURE 1.28
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Example 1.10. Check the divergence theorem using the function
V=Y R+ 2y +2)§+ 2y2) 2

and a unit cube at the origin (Fig. 1.29).
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Problem 1.33 Test the divergence theorem for the function v = (xy) X + (2yz) ¥ +
(3zx) z. Take as your volume the cube shown in Fig. 1.30, with sides of length 2

Goltton 2= [ (7.9)d = & V4%

Vi = Yy + 22 + %x éZM/( ’
)
122 & ve
J_J f(@q* B3 4 BX)dxdjda FIGURE 1.30
j X idjda
OZL
- [[(2y r 4z e tydz
7 2 y* 42y + 6 Jlgdz
; Jg LAyt byl
8
- §@+$z+w)o\a

o

i

_ + 9z
_ 16z ‘b’?\\

0o

= 2W+]p =

2JLZ ’]\g

m"‘\\l

=Y



0
o |2 Z

jv 7L *J!Zyz dedz = j 4.3— dx = 22&(0 =16
%, .

f v_d’A:, = #f Jzatdx dz =0

s 020)’

Jins < [[g0 ayr <[fo 2] Ty = 12y =21

b D

- - o
J’V-MG - "if Eiﬁzfjobﬂ = 0

@ v-Adh = pt2dt OFl6+ 8+0 = 49
//'



Example 1.11. Suppose v = (2xz + 3y?)y + (4yz?)Z. Check Stokes’ theorem
for the square surface shown in Fig. 1.33.

i)

/(6—7)(&'),0{21' = ? v.dl !

(iv)y (ii)
1
-\

G- | § 8 @ i
%)( %3 9/3,,/ FIGURE 1.33
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Problem 1.34 Test Stokes’ theorem for the function v = (xy)X+ (2yz) ¥ +
(3zx) Z, using the triangular shaded area of Fig. 1.34.

Zoluton *-
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Problem 1.35 Check Corollary 1 by using the same function and boundary line as
in Ex. 1.11, but integrating over the five faces of the cube in Fig. 1.35. The back of
the cube is open. zd +(V)
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Example 1.13.

Solution

Find the volume of a sphere of radius R.

AV = rZembdrdbdé
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Problem 1.37 Find formulas for r, 0, ¢ in terms of x, y, z (the inverse, in other
words, of Eq. 1.62).
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Problem 1.39

(a) Check the divergence theorem for the function v; = r*F, using as your volume
the sphere of radius R, centered at the origin.

(b) Do the same for v, = (1/r*)F. (If the answer surprises you, look back at
Prob. 1.16.)
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Problem 1.40 Compute the divergence of the function
v=(rcosf)r + (rsinf) é + (rsiné cos ¢) cfa

Check the divergence theorem for this function, using as your volume the inverted
hemispherical bowl of radius R, resting on the xy plane and centered at the origin

(Fig. 1.40).
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Problem 1.43

(a) Find the divergence of the function
v=s2+sin®$)§ +ssingcosd ¢+ 3z 2.

(b) Test the divergence theorem for this function, using the quarter-cylinder
(radius 2, height 5) shown in Fig. 1.43.

(c) Find the curl of v.
Vow % 1|92 c2{24 <w? +___99° tsd + O
it [ (r506) s § ventot + ;2]
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Example 1.14, Evaluate the integral

3
f x38(x — 2) dx.

]

2
Zolukion - fx’-" S(x-2)dx = 2% = &

(=]

Problem 1.44 Evaluate the following integrals:
@ fy(3x% —2x — 1) 8(x —3)dx.

(b) f2 cosx8(x — 7)dx.

©) [y x38(x + 1) dx.

(d) f7 In(x +3)8(x +2) dx.

b

o) S@XZ- 2x-1) (x-3) dx .

2
= 3.2 -2.%| [e;m, zcz<61

= 21-6° = 20

-
b) J.cosx 6[}(-?@ dx .

= (OsK o= —i

Q) iy??Cx 1"[) aAx
=0 [%@, -1 ¢ [o.ﬂjl

4

&) ib\n[xi—a) 5 (x +2) dx

-

= Im C—Zf'b) =m(}) = 0
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Problem 1.45 Evaluate the following integrals:
(@) [>,(2x +3)8(3x) dx.

(b) [7(x* +3x +2)8(1 — x)dx.

© [ 9x26(3x + ) dx.

(d) [*_8(x—b)dx.

Q) _L (2x+ 6) 5(2x) dx
= *E-LCZM- 2) —%— B(x) dx
ol (2.0+ %J =4

bJ SC*‘ t 3x+2) 6@ x] dx
EQ&% 2x+2) 6(_x 1:) dx

= 1+'3|+'2,“‘6

¢) f@x 6(5)(4—0&)(
j 9x* (3(x+3)) dx
= J@zJ—BQH ) ax




Example 1.16. Evaluate the integral

J:f(r2+2)V-(£2) dr,
v F

where V is a sphere'? of radius R centered at the origin.

U

Zelution : J JQI +2) 4x 6m (vr)de
v

dr (0 +2) = 8%

{

Problem 1.47

(a) Write an expression for the volume charge density p(r) of a point charge g at
r’. Make sure that the volume integral of p equals g.

(b) What is the volume charge density of an electric dipole, consisting of a point
charge —¢ at the origin and a point charge +¢ at a?

(c) What is the volume charge density (in spherical coordinates) of a uniform, in-
finitesimally thin spherical shell of radius R and total charge Q, centered at the
origin? [Beware: the integral over all space must equal Q.]

) P(F) = g & (Fv')
J'{?ff)d'é = jq 57’(IF-\7’J AT
-4, f1.8(7-7')
- 9
) e = -4 5(7) + 467770
9 ()= a8 (F-R) = ka5 (r-R)

[oe)dt = kq (6 (r-8) dr redo b
5 R = kRar | elrR Ay

0
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Problem 1.50

(a) Let F; = x?Z and F, = x X+ y¥ + zZ. Calculate the divergence and curl of
F, and F>. Which one can be written as the gradient of a scalar? Find a scalar
potential that does the job. Which one can be written as the curl of a vector?

Find a suitable vector potential.

(b) Show that F; = yzX + zx ¥y + xy Z can be written both as the gradient of a
scalar and as the curl of a vector. Find scalar and vector potentials for this func-

tion.
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Problem 1.53

(a) Which of the vectors in Problem 1.15 can be expressed as the gradient of a
scalar? Find a scalar function that does the job.

(b) Which can be expressed as the curl of a vector? Find such a vector.
(@) v, =x*x+3xzy — 2xzZ.

(b) vy =xyX+2yzy + 3zx Z.

) Ve = y?*X+ 2xy + 23y + 2yz Z.

a]

a) Va = XX+ 2x27 ] - 2x22

B = x*+ D=2y =0

—

Vg =

)
N 0/ 0Az Ay \ 7 _@ﬂ%_@ﬂ’i)
7 X(J"@T oz ) I e "oz

~ [ DAy 9Ax) 2 zn 2
G O ) s i x+ BXE M -2z
z ax 99 ﬂg

Db _ By x> ol 2, DA

> Az = XP’@ t WQ]Cf:X] > sz -x'z+ 43}[13.@
L@ L&



OAx _ 9hs - Sxzt DAz _ _gyz¥4 M
0z Dx DX 0%
_ —21 2.2 )
5 aye w2y | Fhes3EAEY
3
— ) L@
%-— _@ﬂ,:‘QXZ _?_Aﬁ: QXZ'*'_Q&'.'L
DX oY oy OX
__.> Afj = —¥*z ¥ -FSC%‘%) # A)( = 27(32 +-Fb(:x)%)

L>®& Ls (&
Ax=0 <lue Faﬁzm)gé 2z

Lovparing &) amdt (2)
fs(n2) = %z['ﬂ,%_) =)

- AD:__XzZ

Covpaing (Dt (D
letCZI@: '%VlZL bwf ‘F(?ﬂj)-,* X)"j

; - — 2 257
~A2 2_)(?



c)
Vx Y,
X
2
ox A
i
v ; ﬁ
= - sz’o‘v ; ‘
¢ = _ ??[2 Wz?) 92
.
> X:?JL * I
& =xy+ 5 760_0)
£( 9 |
;?UI%J ZU_—, Z)GJ ZCZU'Q
| . 2 - )
| +
O 9 +4( )?%i
) Z:Z
yZ
df:'
Yz
+-F(x
r‘j)

c?;
xgl+
yz*




Problem 1.54 Check the divergence theorem for the function
v=rlcosOr+ rzcosqbé - rzcos(}sin(,bd;,

using as your volume one octant of the sphere of radius R (Fig. 1.48). Make sure
you include the entire surface. [Answer: = R* /4]
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Problem 1.56 Compute the line integral of
v=6X+y’§+By+2)z

along the triangular path shown in Fig. 1.49. Check your answer using Stokes’
theorem. [Answer: 8/3]
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Problem 1.48 Evaluate the following integrals:

(@) [(r*+r-a+a?)8(r —a)dr, where a is a fixed vector, a is its magnitude,
and the integral is over all space.

(b) Jv |r — b|>87(5r) dt, where V is a cube of side 2, centered on the origin, and
b=4y+32

© [r4 +ri@-c)+ c‘] 8*(r — ¢)dt, where V is a sphere of radius 6 about the
origin, ¢ = 5X + 3y + 2%, and c is its magnitude.

(d) fv r-(d—r)s*(e—r)dr,whered = (1,2,3),e=(3,2.1),and Visa sphere
of radius 1.5 centered at (2, 2, 2).

A [+ a ) 8P (F-a)de

- i — - 2
= 2+ aa+a = 9%

9 (15l 9267 at

= | 17-B|> () At 4%
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2 %+ (7)) ret) 82 (¢)

o= [25+9rd = [32
(-‘-J_%E- shie & 2T

s [ et (7 rc?) 8%(3-¢) =0
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Problem 1.49 Evaluate the integral

b § =f e’ (V- i_,) dt
v re

(where V is a sphere of radius R, centered at the origin) by two different methods
as in Ex. 1.16.
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= fa—r 4x 6(\’) dr
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